A new, finite element solution technique for neutron diffusion equations has been
developed.
In 
II. THEORY
One method which is often used to improve the calculational accuracy of FEM is to use higher-order base functions"'.
In this method, the spatial variation of neutron flux within an element is approximated by higher-order polynomials. For example, in the case of 2nd-order polynomials being used, the spatial variation of neutron flux u (x, y) within an element is expressed by
This expression is substituted into the diffusion equation to be solved, the resulting equations are multiplied with appropriate weighting functions and are integrated over the whole volume to obtain a set of simultaneous algebraic equations of a, b, c etc. In this case, a significant increase in computing time is unavoidable, because the number of unknown variables is larger and the band width of the resulting simultaneous equations is wider than in the usual FEM with an equal number of elements.
Another method which is often employed is the use of 'imaginary' nodal points. Here, one nodal point is added at the center of mass of each triangular element and the element is subdivided into three triangular subelements as shown in Fig. 1(a) . In this case, the neutron flux value at the center of mass can be expressed by using those at nodal points i, j and k only, and it is possible to eliminate the neutron flux values at the centers of mass so as not to increase the dimensions for the set of final algebraic equations. Thus an increase in accuracy is achieved with little change in the computing time. The drawback of this method is that it must use long-shaped triangles as shown in the figure. This limits the improvement in accuracy.
In this paper, imaginary nodal points are used, but the subdivision of each triangular element is done in a different way to avoid using long-shaped triangular elements. That is, each triangular element is imaginarily subdivided into three quadrilateral sub- Fig. 1 Imaginary subdivision of elements elements, as shown in Fig. 1(b) , by adding nodal points at the center of mass and midpoints of the boundary. Next, an approximation is made, so as not to increase the number of unknown variables unnecessarily, that the spatial variation within each square element is expressed by a linear plane. This means that the spatial variation of neutron flux within a triangular element is approximated by three linear planes as shown in Fig. 2 . 
where so,(x, y) is a "roof function" which has its peak at nodal point i (Fig. 3) , and M and N are the numbers of nodal points and elements, respectively. In the usual FEM, only the first term on the R. H. S. of Eq.
( 1 ) appears. The second term can be thought of as a correction term.
The shape of so*,(x, y) is shown in This means that the approximate solution, Eq. ( 1 ), has a discontinuity at the element boundaries.
It is necessary to determine the M+N unknown variables u, and vm of Eq. ( 1 ). This procedure is described next.
To begin with, let the neutron diffusion equation for a fixed source problem be expressed by using an operator L for simplicity.
Lu=S ,
where L= -div D(x, y) grad + (x, y), Fig. 4 Configuration of (p7,(x, y)
The function S(x, y) correponds to an external neutron source. Substituting Eq. ( 1 ) into Eq. ( 2 ) and integrating over the whole volume after multiplying the resulting equation by go,(x, y), N relations are obtained.
where the symbol < , > denotes the volume integration. Equation (3) reduces to the following N algebraic equations :
where aii=<pi, Lgoi> , dim= <pi, LTL> bi=<pi, S>
The other M equations are obtained by similar procedures except that a pyramidshaped function p (x, y) which has its peak at the center of mass of each element (Fig. 5) is used, instead of co,(x, y). Each of these M equations yields a relationship between u u k and vm for each element :
cntjuid-cm,urkcinkuk+cmoum=d7,
where CmK=<COL LCOK> (K=i, j, k) , mo= <4, 1,401> dm= <4, S> Eliminating vm in Eq. ( 4 ) by using Eq. ( 6 ), the following simultaneous algebraic equations are obtained : The quantities Kea and vEi (x, y) are the eigenvalue (effective multiplication factor) and neutron production cross section , respectively.
Equation ( 8 ) can be solved by the iteration scheme expressed as follows : ( 9 ) where A,,(Kff) stands for the coefficient of u, on the L. H. S. of Eq. ( 8 ) ; and ION is the eigenvalue obtained by the N-th iteration.
M. NUMERICAL EXAMPLES
The present technique has been applied to two types of simple problems to test is accuracy.
( 1 ) Eigenvalue Problem (bare, square homogeneous reactor) -D1720-FE "si=k Ea , Figure 9(c) shows a discontinuity of neutron flux, in the absorber region, which is caused by the approximation that neutron flux within each element is expressed by three linear planes as shown in Fig. 2 . However, as can be seen from the figure, the average flux in each element is improved:as compared with that obtained by the usual FEM with 13 elements , as well as the global distribution. It has thus been confirmed that neutron flux distribution is also improved in the method presented. The results are summarized in Table 3 . 
IV. DISCUSSION
(1) Success of the present technique depends on the fact that, in neutron diffusion problems, neutrons are absorbed and/or produced in most domain of the system treated. In cases where both absorption cross section Ea and production cross section vEJ vanish (thermal diffusion problems), the method presented can no longer be used to improve the calculational accuracy because equals zero in Eq. ( 4 ). The use of the function (p*,(x, y) physically corresponds to taking the buckling of neutron flux within each triangular element into consideration. And in thermal diffusion problems, the buckling is almost always zero. The reader should be careful in this respect. In eigenvalue problems, this matter does not occur.
(2) In the method presented, discontinuity in neutron flux always appears at element boundaries.
However, the average neutron flux in each element is improved and so is the global distribution.
This means that base functions should not necessarily be chosen so that neutron flux is continuous at element boundaries.
Rather, such base functions often cannot reproduce well steep spatial variations.
The essence of the method presented is that base functions are chosen, at the cost of discontinuity appearing, so that steep spatial variations can be reproduced well. 
